Oliver and Pharr's method (O&P's method) is an efficient and popular way of measuring the hardness and Young's modulus of many classes of solid materials. However, there exists a range of errors between the real values and the calculated values when O&P's method is applied to materials not included in the basic assumption proposed initially. In this article, the dimensional analysis theorem and the finite element method are applied to evaluate errors for high elastic (E/ Y → 5) to full plastic (E/ Y → 1000) materials with different strain-hardening exponents from 0 to 0.5. A new method is proposed to correct errors obtained using O&P's method. The numerical simulation results show that the errors obtained using O&P's method, given in the form of charts, are mainly dependent on the ratio of the reduced Young's modulus to the yield stress (i.e., E r / Y ) and the strain-hardening exponent, n, for an indenter with a fixed included angle. The two mechanical properties, which can be extracted from the load-depth curves of two indenters with different included angles, are used to correct the errors in the hardness and Young's modulus of the indented materials produced by O&P's method.
I. INTRODUCTION
Indentation experiments have been used to measure the hardness of materials for over a century and more during the last 30 years. With the increasing sophistication of indentation equipments, nanoindentation experiments can provide accurate measurements of the continuous variation in the indentation depth P down to the micronanometer level, as a function of the indentation depth h down to nanometer level. The load P versus depth h curves obtained from nanoindentation are like "thumbprints" of the indented materials. They record the elastic and plastic characteristics of indented materials and can be used to investigate their mechanical behaviors and deformation mechanisms. As a result, indentation experiments, with their associated comprehensive theoretical and computational models, have been conducted by numerous researchers on different classes of materials to determine the hardness and other mechanical properties of indented materials.
Measuring hardness using indentation may date back to the work of Tabor  1 and Johnson. 2 Using an energybased approach, Cheng and Cheng [3] [4] [5] [6] presented the relationships among the hardness, the Young's modulus, the irreversible work, and the total work. Cao et al. 7 developed an energy-based method for calculating hardness and Young's modulus within reasonable theoretical error bounds.
Based on Sneddon's solution, Doerner and Nix 8 published a new method with which the hardness can be obtained from the maximum applied load, the contact depth, which is calculated from the maximum indentation depth, and the slope of the initial part of the unloading curve on the assumption that the unloading response is linear.
At present, the most popular method for analyzing hardness and Young's modulus has been proposed by Oliver and Pharr, 9 who expanded on ideas developed by Loubet et al. 10 and Doerner and Nix. 8 Its attractiveness stems largely from the fact that the mechanical properties of the indented materials can be determined by analyzing the load-depth curves obtained from indentation data without needing to visualize the hardness impression. Although Oliver and Pharr 9 indicated that their method may overestimate the hardness and Young's modulus, sometimes by as much as 50%, 11, 12 their method has been used to measure the hardness and Young's modulus of many classes of materials, including metals, ceramics, polymers, composites, superhard materials, and even biomaterials. Recently, the method has also been used for anisotropic materials and coatings. 13 According to isiknowledge (ISI) web, 14 the work of Oliver and Pharr, which has been cited more than 3000 times, has been used to calculate the hardness and Young's modulus of many classes of materials (Table I) . The method has even been adopted as a standard method and incorporated into high-resolution testing equipments used to measure the hardness and Young's modulus of different classes of materials. However, many authors have argued against the validity of this method because there is no ideal theory that can treat all real cases. [3] [4] [5] [6] [15] [16] [17] According to Oliver and Pharr 11 and Boshakov and Pharr, 12 pileup of the indented materials around the contact impression, which is affected by the ratio of the reduced Young's modulus to the yield stress and the strain-hardening exponent of the indented materials, is the key to the errors in the hardness and the Young's modulus obtained using Oliver and Pharr's method (O&P's method). For elastic-perfectly plastic materials indented by a rigid cone with a half-included angle of 70.3°, pileup is not obvious when the ratio of the reduced Young's modulus to the yield stress is no more than 89, while for linear-hardening materials with a workhardening rate of ‫ס‬ d/d⑀ ‫ס‬ 10, the above limitation of E r / Y is about 178. According to the database proposed by Ashby, 18 there are still many materials for which the hardness and Young's modulus cannot be calculated correctly using O&P's method.
Although Oliver and Pharr, and their colleagues have made several important changes to the method that both improve its accuracy and extend its field of application, 11 Ma et al. 15 maintain that the method cannot be used to correctly estimate the hardness and Young's modulus of the indented materials in certain cases. Recently, the sonic methods and atomic force microscopy (AFM) methods have been used to improve O&P's method. However, the sonic methods are limited to improve O&P's method because the tests require the samples to be electrically conductive. 16 And AFM cannot precisely measure the contact area during indentation processing. 17 Furthermore, both methods introduce some new experimental techniques that still need improvements for general applications. It is therefore very important to systematically investigate O&P's method and extend the application of the basic method to a much wider range of materials.
For the purposes of clarity, a brief review of O&P's method as it was originally developed is given in Sec. II. Section III gives a detailed description of dimensional analysis and the finite element method for simulating the indentation process. Section IV describes the results obtained using finite element analysis, and gives a new method for calculating the hardness and Young's modulus of indented materials. Section V summarizes the main findings of the present work.
II. A REVIEW OF O&P'S METHOD
O&P's method was proposed to measure the hardness and Young's modulus of elastic-plastic materials according to the load-depth data for one loading-unloading cycle. A typical indentation curve obtained with a conical indenter is presented in Fig. 1 . The deformation geometries of the indenter and the indented materials during the unloading process are shown in Fig. 2 .
According to the model, the reduced Young's modulus, E r OP , and the hardness, H OP , of the indented materials can be obtained with O & P's method using the following formulas:
where P max is the maximum load, A(h c ), h c , and S represent the maximum contact area, the contact depth, and the initial unloading stiffness at h max , respectively, and ␤ is a correction factor used to take into account the deviations caused by different physical processes. The Young's modulus of indented materials can be calculated using the reduced Young's modulus and the following formula: 
where E and v are the Young's modulus and Poisson ratio of the indented materials, respectively, and E i and v i are the Young's modulus and Poisson ratio of the indenter, respectively.
To calculate the Young's modulus and hardness of the indented materials accurately, Oliver and Pharr made some initial suppositions. 9, 11 First, it is assumed that elastic-plastic deformation occurs during loading, but that elastic deformation only occurs during unloading. Unlike the method proposed by Doerner and Nix, 8 O&P's method assumes that the unloading curves are distinctly curved instead of linear, and are usually approximated well by the power-law relationship:
where ␣ and m are power-law-fitting constants and the variation of the power-law exponents is in the range of 1.2 ഛ m ഛ 1.6, which shows that a flat punch approximation is inadequate because m ‫ס‬ 1 in the method proposed by Doerner and Nix. 8 The unloading slope at maximum depth can be calculated using the following formula:
Second, according to the same depth-to-area relationship, it is assumed that a pyramid indenter can be modeled by a conical indenter with a half-included angle, .
Third, the assumption is that the contact periphery sinks in a way that can be described by models for the indentation of a flat elastic half-space by rigid punches of simple geometry. In this case, the contact depth is given by
where ∈ is a constant that depends on the geometry of the indenter. The corresponding value is 0.72 for a conical indenter, 0.75 for an indenter with a parabola of revolution, and 1 for a flat punch. Fourth, the indenter is often considered to be rigid, and the reduced Young's modulus is introduced into the model to reduce the effect of elastic deformation of the indenter in Eq. (3). However, as yet, its rationality has not been proven theoretically. This assumption can reduce the effect of the elastic deformation of the indenter on the measured values of hardness and Young's modulus when the Young's modulus of the indented materials is lower than that of the indenter. However, this will need to be tested if the Young's modulus of the indented materials is close to that of the indenter.
Finally, the correction factor ␤ in Eq. (2) plays a very important role in reducing the discrepancy between the real value and the calculated value caused by various physical processes. King 19 was the first to study the importance of correction and found that ␤ ‫ס‬ 1.034 for a triangular indenter and ␤ ‫ס‬ 1.012 for a square-based indenter. Vlassak and Nix 20 later found that ␤ ‫ס‬ 1.058 for a flat-ended punch. By studying Sneddon's original solution, Hay et al. 21 found that it was necessary to provide a correction factor and found the ␤ ‫ס‬ 1.067 for materials with a Poisson ratio of v ‫ס‬ 0.3 and an indenter with a half-included angle of 70.3°. Oliver and Pharr 11 proposed that ␤ should lie within a range of 1.0266 ∼ 1.085 and that ␤ ‫ס‬ 1.05 is as good a choice as any. However, Cao et al. 22 proposed that the correction factor might be affected by the Poisson's ratio and the ratio of the Young's modulus of the indenter to the Young's modulus of the indented materials.
Based on the above assumptions, O&P's method can be used to correctly calculate the hardness and Young's modulus of the most common materials. The question arises as to whether or not it can be used to correctly measure other materials. The purpose of this study is to evaluate the effectiveness of O&P's method and to propose a new method to correct it.
III. DIMENSIONAL ANALYSIS AND COMPUTATIONAL MODEL

A. Dimensional analysis
The mechanical behavior of solid materials is often described as homogeneous elastic-plastic deformation. When they are less than the initial yield stress, materials are linear elastic and after yielding, the stress-strain curves of the materials are assumed to have the powerlaw hardening shown in Fig. 3 . The relationships can be described as follows:
FIG. 2. Schematic illustration of the contact geometry during the unloading process.
The indented materials can therefore be characterized by the Young's modulus, E, the Poisson's ratio, v, the initial yield stress, Y and the strain-hardening exponent, n. The indenter deforms elastically during indenting, and so it can be characterized by the Young's modulus, E i , and Poisson's ratio, v i .
Dimensional analysis has often been used to study indentation problems in recent years. [3] [4] [5] [6] 23, 24 In the present study, dimensional analysis is still used to study the effects of the hardness and the Young's modulus of indented materials and to further evaluate the effectiveness of O&P's method.
For a sharp indenter that indents a power-law elasticplastic solid in the usual way, the indenter can be characterized by a half-included angle, . The friction coefficient at the contact surface between the indenter and the indented material can be assumed to be zero. 25 Thus, during loading, the force P on the indenter can be written as
According to Dao et al. 26 :
By applying the ⌸ theorem of dimensional analysis, the true hardness of indented materials can be described using the following dimensionless expression:
The hardness and the Young's modulus obtained using O&P's method can be expressed by the following dimensionless expressions using Eqs. (1) and (2):
Furthermore, the relative errors in the hardness and Young's modulus obtained using O&P's method can be derived using Eqs. (10)- (12):
Therefore, the fundamental material properties affecting the hardness and the Young's modulus are the ratio of the reduced modulus to the yield stress, E r / Y , and the strain-hardening exponent, n, for an indenter with a fixed included angle.
It has been demonstrated that only two independent parameters can be determined from a single load-depth curve. 27, 28 In the present study, the indentation loading curvature C and the ratio of the residual work to the total work done by the indenter W R /W T are adopted without losing generality. According to the work of Tho et al., 23 the mechanical parameters of the indented materials can be determined with loading curvature and work from two indenters with various included angles. Dimensionless relationships therefore exist between the mechanical parameters and the loading curvatures as well as the work done by the indenter as follows:
B. Computational model
According to the same depth-to-area relationships, a pyramid indenter is equivalent to a conical indenter. For example, the equivalent angle of a Berkovich indenter is 70.3°. 29 The indentations of a conical indenter are shown schematically in Fig. 4 . The materials around the indenter usually pile up or sink in during indenting of the indenter.
Finite element calculations using ABAQUS 30 have been carried out to simulate the indentation in the work of Cheng and Cheng, [3] [4] [5] [6] Dao et al., 26 and Jayaraman et al. 31 In their work, the indenter was considered as a rigid body and the indented materials were modeled as elasticplastic solids. In the present research, an axisymmetric two-dimensional finite element model is constructed to simulate the indentation procedure of an elastic indenter indenting elastic-plastic materials. The finite element computations in this section are also carried out using ABAQUS 30 for different combinations of dimensionless values: E r / Y , n, and . In the simulations, the Von Mises yield criterion is used. Figure 5 shows the mesh design for axisymmetric calculation. A total of 415 and 12,000 four-node bilinear axisymmetric elements, respectively, are used for the indenter and the indented materials. The mesh has been tested for convergence and determined to be insensitive to far-field boundary conditions. Friction has a negligible impact on the present numerical simulations. 25 The boundary conditions on the indented solid are such that the lowest surface is fixed in all directions and the left surface of the indented materials and the indenter is fixed in the direction r. The boundary has negligible effects on the computational value because the boundary is at a sufficient distance from the indented point on the indented materials. Figure 6 is a schematic illustration of the boundary conditions. In the simulation, a rigid indenter rod has been used. The upper surface of the indenter has a finite displacement in the direction z that is the same as that of the indenter rod. There is no displacement in the direction r.
To compare the numerical results from the previous finite element model of the rigid indenter with that from the present model, the indentations of the material with the mechanical properties of E ‫ס‬ 200 GPa, y ‫ס‬ 2 GPa, n ‫ס‬ 0.3, and v ‫ס‬ 0.3 are simulated in Fig. 7 . The calculation results using the present model agree well with those from the previous finite element model when the ratio of Young's modulus of the indenter to that of the indented materials is large (e.g., E i /E ‫ס‬ 50). And the smaller the ratio of the Young's modulus of the indenter to that of the indented materials is, the larger is the discrepancy of the numerical results from the two models. To further test the validity of the present finite element model, the experimental stress-strain data of 7075-T651 aluminum from the work of Dao et al. 26 were used as inputs for the numerical simulations. The indenter is defined as E i ‫ס‬ 1140 GPa and v i ‫ס‬ 0.07. The indentation responses from the experiments and numerical simulations are shown in Fig. 8 , respectively. And it shows that the computational P-h curve corresponds well to the experimental curve, although some errors, which can be considered negligible, exist. The finite element model can therefore be used to simulate the indenting test.
IV. COMPUTATIONAL RESULTS
According to Eqs. (10)-(13), the dimensionless parameters, H/ Y , H OP / Y , (H OP -H)/H, and (E r
OP − E r )/E r are dependent on E r / Y , n, and , respectively. However, because there are no analytical solutions to the problem of an elastic conical indenter in relation to elasticplastic-indented materials, we chose to use the finite element method to evaluate the dimensionless function, ⌸ 1 , ⌸ 2 , ⌸ 4 , and ⌸ 5 . To cover a large range of materials from purely elastic to full plastic, the values of E r / Y are in the range of 5 ∼ 10,000, and the strain-hardening exponents, n, vary from 0 to 0.5. The Poisson ratios, v i and v, of the indenter and the indented materials, respectively, are fixed at 0.07 and 0.3, respectively, because the effect of the Poisson ratios on the calculated hardness and Young's modulus is not marked.
The discrepancy between the real values and the calculated values of the hardness and Young's modulus obtained using O&P's method will be discussed in the following sections.
A. The effect of E r / Y and n on the hardness and Young's modulus of the indented materials
The results of the finite element studies in Figs. 9 and 10 show to what extent (H OP -H)/H and (E r OP − E r )/E r depend on E r / Y and n, which converge on a master curve for a wide variety of materials with different E r / Y ratios and a fixed n when Berkovich indenter is used.
According to Fig. 9 , O&P's method can be used to calculate the hardness of the materials, of which the strain-hardening exponent is about 0.3 with small errors. The method usually overestimates the hardness of materials with little or no capacity for work hardening, and underestimates the hardness of materials with a higher capacity for work hardening (e.g., n ‫ס‬ 0.5). The errors produced by O&P's method increase steadily as E r / Y increases for materials with given strain-hardening exponents.
The results in Fig. 10 show that the errors in the Young's modulus obtained using O&P's method depend on E r / Y and n. The Young's modulus of materials with strain-hardening exponents equal to 0.5 can be calculated correctly using O&P's method. However, for materials with a lower n, the errors in the Young's modulus produced using O&P's method are greater. The higher the values for E r / Y , the larger the errors of Young's modulus will be for materials with the same strain-hardening exponents.
To study the field of application of O&P's method, the database proposed by Ashby et al. 32 has been adopted in conjunction with numerical results. It can be seen in Figs. 11(a) and 11(b) that the calculations made with the finite element method in the shaded area cover most engineering materials. It is assumed that O&P's method is valid when the relative errors in the hardness and Young's , can be calculated correctly using O&P's method. Figure 11 (a) can be used to correctly calculate the hardness of all ceramics, composites, metals, and polymers with a strain-hardening exponent equal to 0.3 in the shaded area using O&P's method. However, many materials exist that have a higher strain-hardening exponent (e.g., n ‫ס‬ 0.5), the hardness of which is underestimated, and a large number of materials have a lower strainhardening exponent (e.g., n ‫ס‬ 0 and 0.1), the hardness of which is overestimated. Figure 11 (b) can be used to correctly calculate the Young's modulus of all ceramics, composites, metals, and polymers with a strainhardening exponent of 0.5 in the shaded area, using O&P's method. However, a large number of materials exist that have a lower strain-hardening exponent (e.g., n ‫ס‬ 0, 0.1, and 0.3), the Young's modulus of which is overestimated. Therefore, a large number of ceramics, composites, metals, and polymers in Figs. 11(a) and 11(b) exist, the hardness and Young's modulus of which cannot be calculated correctly.
In the present study, the indented materials are described as elastic-plastic materials, and the uniaxial stress-strain relationships of the indented materials are given in Eq. (7). However, the uniaxial stress-strain curves of polymers are often brittle, or nonlinearly elastic. Additional attention is therefore needed when Figs. 11(a) and 11(b) are used for polymers. Also, cracks often occur when indenting ceramics. As a result, Figs. 11(a) and 11(b) are valid only when the cracks have a negligible effect on the elastic-plastic deformation of the ceramics.
It should be especially noted that errors exist when sink-in occurs in the case of indented materials with a higher strain-hardening exponent, such as those materials with a strain-hardening exponent equal to 0.5 in Fig. 9 . Therefore, sink-in is not the best way to judge whether hardness can be calculated accurately using O&P's method. It may be caused by the constant value of the correction factor ␤.
B. Determination of parameters E r / Y and n
It has been proved that the mechanical properties of indented materials could not be determined by using the load-depth curve from a single sharp indenter according to the work of Cheng and Cheng, 33 Capehart and Cheng, 34 Tho et al., 27 and Alkorta et al. 28 So spherical indenter-based inverse analysis 35 and different dualindenter inverse analyses have been developed to determine the mechanical properties of indented materials. Based on the representative stress, the dual-indenter reverse analyses proposed by Bucaille et al. 36 and Chollacoop et al. 37 could be used to determine the mechanical properties of a certain range of materials. Cao et al. 38 developed an energy-based method to extract plastic properties of metal materials, but the Young's modulus must be known in advance. The artificial neural network must be mastered and training patterns must be owned, although Young's modulus, yield stress, and stainhardening exponents can be obtained by using the inverse analysis proposed by Tho et al. 27 In the present article, the mechanical properties (E r , Y , and n) may be obtained by using a simplified approach.
In the present article, based on the loading curvature and the work done by the indenters, a dual-indenter inverse analysis for a large range of materials is developed to determine the parameters of E r / Y and n, which are the critical values that affect the measurement of the hardness and Young's modulus according to the analysis described in the subsection above. The relationships between these two parameters and C 1 /C 2 , as well as where,
The two best-fit functions with the root mean square errors of 0.2% and 0.012% are obtained using Eqs. (16) and (17), respectively. And the coefficients in the two equations are given in Table II when 1 ‫ס‬ 80°and 2 ‫ס‬ 50°. The existence, uniqueness, and sensitivity of the solutions to the inverse problem have been discussed in detail in another recent work of our team. 39 Furthermore, based on experimental results, the parameters E r / Y and n, can be obtained from the loading curvatures and the ratios of the residual work to the total work from indentation. It is well known that real indentation measurements are influenced by the tip rounding of the indenter and the compliance of the machine. However, in the present method the effect of tip rounding of the indenter could be drastically reduced by enlarging the indentation depth. In this case, the ratio of indentation depth to tip radius of the indenter should be >10 according to our numerical simulations. To eliminate the effect of the compliance of machine the measured indentation load-depth curves must be modified with the compliance values of machine, ␥, which are in the range of 2-6 nm/mN for the Hysitron TriboIndenter (Hysitron Inc., Minneapolis, MN).
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C. A new correction for O&P's method
According to the above analysis, the real hardness and the Young's modulus of the indented materials can be obtained using Figs. 9 and 10 together with the values of E r / Y and n, which are described in detail below:
(i) For materials with known mechanical properties, E r / Y and n, go directly to step 3.
(ii) Carry out indentation experiments using two indenters with different half-included angles (e.g., 1 ‫ס‬ 80°, and 2 ‫ס‬ 50°) and obtain two indentation responses. The loading curvatures and the ratio of the residual work to the total work can be obtained from the two indentation responses. E r / Y and n can be obtained from Eqs. (16) and (17).
(iii) The relative errors in the hardness and Young's modulus (e H and e E ) can be obtained using the values of E r / Y and n in conjunction with Figs. 9 and 10.
(iv) Based on the indentation response from the 80°i ndenter, the hardness and Young's modulus obtained using O&P's method can be corrected using the 
where,
(v) The Young's modulus of indented materials can be obtained using the Young's modulus and Poisson's ratio of the indenter according to Eq. (3).
To verify the effectiveness of the method cited above, several materials with different mechanical properties, which have been extracted from stress and strain curves produced by various research teams, are studied with the numerical method shown in Table III . [1] [2] [3] [4] [5] [6] [7] 38, [41] [42] [43] [44] [45] [46] The indentation procedures with two indenters, the halfincluded angles of which were 80°and 50°, respectively, are simulated with the finite element method, and the two indentation responses are obtained. The plastic properties of the indented materials are obtained using Eqs. (16) and (17) , which are then used to correct the hardness and Young's modulus errors obtained using O&P's method.
The corrected hardness and the Young's modulus (bold italic type) are compared with the real values in Table III . It can be seen that the hardness and the Young's modulus determined using this method, the relative errors of which are shown to be <10% in Table III (bold italic type), are closer to the real values. This method can therefore be widely used to study the hardness and Young's modulus of indented materials in conjunction with O&P's method.
V. CONCLUSION
In the present study, the effectiveness of O&P's method has been discussed in detail using dimensional analysis and the finite element method, and a new method designed to obtain "true" hardness and "true" Young's modulus for indented materials has been developed. The main contributions and future prospects of this new method are as follows.
The range of errors in the hardness and Young's modulus of indented materials obtained using O&P's method is shown by simulating the indentation of a large number of materials from high elastic (E/ Y → 5) to full plastic (E/ Y → 10,000) with different strain-hardening exponents from 0 to 0.5. Error charts have been drawn up using numerical results. The results show that the hardness of materials with a medium strain-hardening exponent (e.g., n ‫ס‬ 0.3) can be estimated correctly using O&P's method. However, the method tends to overestimate the hardness of indented materials with a smaller value of n and to underestimate the hardness of indented materials with a larger value of n for a given E r / Y ratio. The Young's modulus of indented materials with a higher strain-hardening exponent (e.g., n ‫ס‬ 0.5) can be calculated quite accurately. However, the smaller the strain-hardening exponent is, the higher are the errors obtained using O&P's method for materials with a given E r / Y . The errors produced by O&P's method increase with the E r / Y , and can reach about 60% for some materials.
The mechanical properties of indented materials, E r / Y and n, are the crucial factors that determine the errors produced by O&P's method. They depend on the ratios of the residual work to the total work and on the loading curvature of two loading-depth curves from two different indenters. And the one-to-one-relationships among E r / Y , n, and C 80°/ C 50°,
ave been established. According to error charts (Figs. 9 and 10) based on numerical simulation and the values of E r / Y and n obtained using the dual-indenter method, O&P's method has been corrected and a new method has been put forward that can largely reduce the errors. Several classes of materials have been used to prove the validity of this new method.
The database proposed by Ashby 18 and the numerical simulation results have been used to study the field of application of O&P's method. We have demonstrated that the hardness and the Young's modulus of some special materials can be calculated correctly for metals, ceramics, composites, and polymers.
The present method will be further verified by future research experiments, and will be used to calculate the hardness and Young's modulus of indented materials in conjunction with our experiments. In another direction, the included angle of the indenter is also an important parameter that affects the precision of the estimated hardness and Young's modulus. The effects of the indenter angle will also be discussed in our future research.
